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On a compact n-dimensional Riemannian manifold M we consider self-adjoint
operators of type w&12 acting on L2(M, w dx), where dx is the volume element of
M and w>0 smooth. For n=2 this setup arises naturally from a conformal change
of metric. We derive perturbation series for the heat kernels of these operators and
their traces, in terms of w and of objects in the given background metric. The
method involves Gaussian estimates on space and time derivatives of the complex
time heat kernel.  1996 Academic Press, Inc.
0. INTRODUCTION AND MAIN RESULTS
Let M be a compact 2-dimensional Riemannian manifold, with metric g,
area element dA and LaplaceBeltrami operator 2=div {. The classical
Dyson series for the perturbed semigroup et(2&,), the Schro dinger semi-
group, is given by
et(2&,)= :

k=0
T kt ,
where the operators Tkt are defined inductively as
T kt =|
t
0
e(t&s) 2,T k&1s ds, T
0
t =e
t2. (1)
Here, say, , # L(M). In [Go] Theorem 6.5, for example, the reader will
find a more general result for perturbed semigroups of type et(A+B).
The goal of this paper is to show that the operators Tkt above can be
used to obtain perturbation series for the heat diffusion, and its trace,
resulting from a small conformal change of metric. Recall that a metric is
conformal to g if it has the form gw=wg, 0<w # C(M). Denote the area
element in the metric gw by dAw=w dA and the Laplacian by 2w ; it is well
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known that 2w=w&12. The heat semigroup et2w, acting on L2(M, dAw)
has a smooth kernel, the heat kernel, which we denote pwt (x, y). Thus, for
f # L2(M, dAw) the solution of the p.d.e.
(2w&t) f (x, t)=0, for t>0, f (x, 0)= f (x)
is given by f (x, t)=et2wf (x)=M pwt (x, y) f ( y) dAw( y).
We emphasize that we are considering etw&12 as acting on L2(M, w dA).
Instead of using such a varying family of setups we could as well consider
the semigroups etu 2u, u # C(M), acting on the same space L2(M, dA). In
fact when u=w&12 the operators u 2u and w&12 in their respective spaces
are both self adjoint, have the same eigenvalues and their eigenfunctions
differ by a factor of - w.
Now, build the operators T kt as in (1) with ,=1&w and denote their
kernels ;kt (x, y). As we shall show, a Dyson series for p
w
t holds in the form
pwt = :

k=0
kt ;
k
t . (2)
We can interpret this formula in terms of the semigroups etu 2u that we
mentioned above. In fact from (2) it follows that for u # C(M), u>0
etu2u=u&1 :

k=0
kt T
k
t u
&1,
where the T ’s are defined with ,=1&u&2, and the series converges in the
uniform operator norm. This result does not seem to appear in the
literature of perturbation of semigroups, and in any event is not
immediately deducible from known classical theorems such as Theorem 6.5
in [Go] (see also [H-P] Theorem 13.4.1).
Although it is not very hard to justify (2) formally, it is not quite so
obvious to decide when and in what sense the series converges, if it con-
verges at all. Most of the paper is concerned with obtaining small times
pointwise Gaussian bounds for the space and time derivatives of the
kernels ;k. In particular we will show that for 0<t<wT and k0
|lt ;
k
t (x, y)|C
k+l+1 &,&k
l!
k!
tk&1&le&d 2(x, y):t l=0, 1, 2, ... (3)
for some C=C(T) and :, where d(x, y) is the distance between x and y.
This clearly implies that for 0<t<T and &,& small enough the series in
(2) converges uniformly and that, moreover, | pwt & pt |C &w&1&
t&1e&d 2(x, y):t.
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By carrying a large time analysis it should be possible to prove that (2)
is in fact convergent for &,&<C independently of t>0. Although it is
easy to show the exponential decay of the derivatives of the heat kernel as
t  , the situation for the iterated kernels is more complicated and will
be not attempted here.
Small times Gaussian bounds for the heat kernel, have been already
worked out in a variety of contexts, notably by ChengLiYau [C-L-Y],
and E. B. Davies [D1, D2]. More recently, Grigor’yan derived Gaussian
bounds for lt pt , which can be put in the form (3), in the case k=0, for a
general complete manifold ([Gr], Theorem 3.1). However, it doesn’t seem
possible, at least to the author, to deduce the bounds (3) for general k
using such method. Moreover, a direct use of the case k=0 in induction
arguments doesn’t seem to yield an accurate order of growth of the con-
stants, or at least accurate enough to guarantee the convergence of (2).
Our proof of (3) shall involve complex analytic methods. The main tool
is a result of Davies on the complex time heat kernel pz(x, y). As a conse-
quence of this result we are able to estimate pz and its iterated for z in
bounded sectors, so that arbitrary time derivative bounds follow by a
simple application of the Cauchy’s integral formula. We shall then show
how, from these results, one can obtain estimates on covariant derivatives
of the complex time kernels using a Green’s representation formula. The
method will be applied only for first order space derivatives, but it can be
easily extended to higher order [M1]. For real times the results appear for
example in [C-L-Y] and [D1] and they use tools such as the Moser itera-
tion method and the LiYau parabolic Harnack inequality, which are not
needed in our framework, and which do not seem to be applicable to
complex times (see also Remark 1).
The second goal of the paper is to obtain perturbation results for the
trace or the heat kernel. Recall that the trace of et2w is defined by
Tr(et2w)= :

j=0
e&*j (w) t=|
M
pwt (x, x) dAw(x),
where 0*j (w) A  denote the eigenvalues of 2w . Integrating (2) on the
diagonal and using a symmetry argument, as we shall see, yields the follow-
ing series
Tr(et2w)=Tr(et2)+ :

k=1
t
k
kt Q
k
t [,], (4)
where Qkt [,] :=Tr(,T
k
t )=M ;
k&1
t (x, x) ,(x) dA(x), a k-linear function
of ,.
Our main interest is to provide tools for studying the effect of small
conformal changes of a given background metric on the trace of the heat
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kernel. Observe that from (4) we get the following expressions for the k th
conformal variation of the trace:
$kTr(t, ,) :=
1
k!
d k
d=k } ==0 Tr(et21&=,)=
t
k
kt Q
k
t [,].
Formulas for the first variations of the trace and the heat kernel under
more general metric perturbations can be found for example in [R-S].
We note in particular that critical points of the trace functional are those
background metrics satisfying tQ1t [,]=0, \, in some specified space.
Special cases are the ones of compact homogeneous manifolds with an
invariant metric, since for these manifolds the heat kernel on the diagonal
is constant at any fixed times, so that tQ1t [,]=0, \, with  ,=0 (area
preserving deformations). In this situation the conformal stability is reduced
to the study of the quadratic form
2t Q
2
t [,] :=
2
t2 |
t
0
Tr(,e(t&s) 2,es2) ds.
Therefore, a problem of interest is to establish when this closed formula for
the second variation is positive definite, or even semi-definite. In [M2] we
apply the results of this paper to the case M=S 2. In this case the metrics
of constant curvature, that is pullbacks of the standard euclidean metric by
conformal (Mo bius) transformations, are critical for the trace. In [M2] we
show that the second variation at these metrics is positive definite and that
the remainder terms of the series (4) can be controlled above so that the
standard metric is a local minimum for the trace functional.
The second variation formula and the complex time method have been
used in [M3] to compute the spectral invariant 0 (Tr(e
t2w)&Tr(et2)) dt,
for the Laplacian and higher order generalizations of it.
We point out that (2) and (4) still make sense in some noncompact
manifolds, with the appropriate modifications. For example in R2 formula
(2) gives the heat kernel of a small, compactly supported perturbation of
the flat metric, with pt(x, y)=(4?t)&1 e&|x& y|
24t, and (4) holds in the sense
that the LHS is replaced by R2 ( pwt (x, x) w(x)&1(4?t)) dx. In this par-
ticular case the analysis of the variations seems to be greatly simplified by
the use of the Fourier transform.
We now proceed to state the main results. Although we introduced
the problem on 2-dimensional manifolds, we will work in n dimensions,
with operators w&12; the reader should keep in mind, through, that the
conformal-geometric significance of the results is only in dimension 2.
On a compact n-dimensional Riemannian manifold m with metric
tensor g=(gi, j) and volume element dx the Laplacian is given in local
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coordinates by 2=1(- | g| ) ij i (gij - | g| j), where | g|=det(gij), and
(gij)= g&1.
Consider the metric gw=w2ng, with volume element w dx, and the ellip-
tic self-adjoint operator 2w : =w&12, acting on L2(M, w dx). The eigen-
values of 2w are denoted by *j (w), and the corresponding complex time
heat equation
(2w&z) f (x, z)=0, for Re z>0, f (x, 0)= f (x) (5)
has a heat kernel pwz (x, y), and a trace Tr(e
z2w)= pwz (x, x) w(x) dx. Both
pz and its trace are holomorphic in the half-space Re z>0.
For , # L(M) and Re z>0 define inductively the kernels
;0z(x, y)=pz(x, y),
;kz(x, y)=|
1
0
|
M
zp(1&v) z(x, w) ;k&1vz (w, y) ,(w) dw dv,
and the multilinear forms
Qkz[,]=|
M
;k&1z (x, x) ,(x) dx.
It will be a consequence of the results below that, indeed, all these integrals
converge and are holomorphic in z.
Note that for real z=t the ; ’s and the Q ’s coincide with the ones
previously defined.
We will denote by d(x, y) the geodesic distance in (M, g) between x and
y. For f # Ci (M) any i th covariant derivative in x of f will be denoted by
{ix f, a (0, i) tensor. If f # C
i+ j (M_M) then { jy{
i
x f will denote the
(0, i+ j) tensor determined by
{ jy{
i
x f (X1 , ..., Xi , Y1 , ..., Yj)={
j
y ({
i
x f (X1 , ..., Xi))(Y1 , ..., Yj)
for vector fields X1 , ..., Xi , Y1 , ..., Yj . By |S| with S a (0, l) tensor, we mean
the contraction of S and S*, where S* is the (l, 0) tensor canonically
associated to S. In components, (S*) i1 } } } il= gi1j1 } } } giljl S j1 } } } jl and |S|
2=
S i1 } } } il(S
*) i1 } } } il (adopting the sum convention for the indices). Observe
also that |S(X1 , ..., Xi)||S| |X1 |, ..., |Xi |. For 0%0<?2 we define
S(%0 , T)=[z # C : |arg z|%0 , 0<|z|T],
and for Re z>0 we set
t=|z|.
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Theorem 1. Construct the ; ’s and the Q ’s with , # C(M). Then, for
T>0 and %0 # (0, ?2), there exist constants :=:(%0), C=C(%0 , T), so
that, \z # S(%0 , T ), \x, y # M and k0
(a) |;kz(x, y)|C
k+1 &,&k (1k!) tk&n2e&d
2(x, y):t
(b) ;kz is analytic at z, ;
k
z # C
(M_M), and if k1 it satisfies the
p.d.e.
2x;kz &z;
k
z =&,(x) ;
k&1
z
(c) |{ jy{
i
x
l
z;
k
z |C
k+l+1 &,&k (l!k!) t
k&n2&l&(i+j)2e&d2(x, y):t,
l0, i, j=0, 1
(d) If in addition $ # (0, 1), then for C=C(%0 , T, $)
|{ ix{
j
y;
k
z(x, y)&{
i
x{
j
y;
k
z(x$, y)|
Ck+1 &,&k
d(x, x$)$
k!
tk&n2&(i+ j+$)2e&d2(x, y):t
for i, j=0, 1, and d(x, x$)d(x, y)2.
Theorem 2. If w # C(M), w>0 and ,=1&w, then, for &w&1&<
C(T, %0) and z # S(%0 , T) the following expansions hold
(a) pwz =

k=0 
k
z ;
k
z uniformly in M_M
(b) Tr(ez2w)&Tr(ez2)=k=1 (zk) 
k
zQ
k
z[,].
Moreover, there are constants C=C(%0 , T ) and :=:(%0) so that for l0
and i, j=0, 1
(c) |{ jy{
i
x
l
z( p
w
z & pz)(x, y)|
C l+1l!&w&1& t&n2&l&(i+ j)2e&d
2(x, y):t
(d) |Tr(ez2w)&Tr(ez2)|Ct&n2 &w&1&1
(e) |Tr(ez2w)&Tr(ez2)&N&1k=1 (zk) 
k
zQ
k
z[,]|Ct
&n2 &,&N&2 &,&22 ,
N2.
We observe that the case k=0 of Theorem 1 yields Gaussian bounds for
the derivatives of the complex time heat kernel; in Theorem 3 of the next
section we will deal exclusively with this case.
We also observe that in Theorem 1 we can control the space derivatives
of ;k, k1, a priori in terms of &,& only up to order 2&=. This is
because of the p.d.e. in (b). In fact, if one only assumes that , # L(M)
then, with some slight modifications, one can prove that all the statements
of Theorem 1 still hold, except that the p.d.e in (b) is satisfied weakly and
;k is only C2&=(M_M). Also, in no place shall we assume the existence of
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the heat kernel pwz , so if in Theorem 2 we only assume that w # L
(M) then
(a) shows the existence of the fundamental solution of (5), of class
C2&=(M_M) and holomorphic in z, and (b), (c), (d) also hold in this case.
Thus, our results in fact hold in general for L perturbations of a given
smooth metric. A straightforward corollary of Theorem 2 is that the heat
kernel and the trace are analytic function of the perturbation in the L
norm (for definitions and properties of analytic functions on Banach spaces
see for example [H-P]).
1. HEAT KERNEL ESTIMATES
The theorem below gives pointwise upper bounds on covariant
derivatives and arbitrary time derivatives of the complex times heat kernel,
that is the case k=0 of Theorem 1.
Theorem 3. Let T>0 and %0 # (0, ?2). There exist constants
:j=:j (%0), Cj=Cj (%0 , T ), j=1, 2, 3, such that, \z # S(%0 , T ) and \x, y # M
the complex times heat kernel satisfies the following bounds
(a) | pz(x, y)|C1 t&n2e&d
2(x, y):1tC2pt:2(x, y)
(b) |{ jy{
i
x
l
z pz |C
l+1
3 l!t
&n2&l&(i+ j)2e&d2(x, y):3t, l0, i, j=0, 1.
Proof. (a). All the ingredients are contained in [D1]. First of all
| pt(x, y)|{C0t
&n2e&d2(x, y):0t
C0e&d
2(x, y):0t
if 0<t1
if t1
which certainly hold in compact manifolds, for some C0>0 and some
:0>4. In [D1] Davies proved that for *>0 and Re z>0 the complex-
time heat kernel satisfies
|e&*zpz(x, y)|C0C$n(1+*&1)n2 (Re z)&n2
for some constant C$n>0.
A consequence of Proposition 1 in [D1] is that if f (z) is analytic in for
Re z>0 and satisfies | f (z)|a(Re x)&n2, and | f (t)|at&n2e&bt for t>0,
then
| f (tei%)|Ct&n2e&b:t,
whenever |%||%0 |<?2, for some C>0 depending on a, b, n and
:>0 depending on %0 . Applying this result to f (z)=e&*zpz(x, y),
a=C0C$n(1+*&1)n2, b=d 2(x, y):0 , for all x{y, *=t&1, we obtain
| pz(x, y)|C1(%0 , T ) t&n2e&d
2(x, y):1(%0) t,
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whenever z=tei% # S(%0 , T ). This proves the first estimate of (a). To prove
the second estimate we use a lower bound on the heat kernel due to
LiYau. A consequence of their parabolic Harnack inequalities is that in a
general complete n-manifold, with Ricci curvature bounded below by
&}(n&1), }0 the following lower bound holds (see [Ch], p. 333, or
[L-Y], Section 4.)
pt(x, y)C(n, =) |Bx(- t)|&12 |By(- t)|&12 e&d
2(x, y)(4&=) te&c(n) =}t
for t>0, =<4, with C(n, =)  0 as =  0. Here |Bx(- t)| is the volume of
the geodesic ball of radius - t and center x. In particular, in compact
manifolds |Bx(- t)|tCtn2 so that for 0<t1 and, say, ==1, the second
bound in (a) follows after rescaling in t.
(b) Consider first the case i= j=0. Let z # S(%0 , T )/S(%1 , 2T ),
some %1 # (%0 , ?2). The circle # centered at z and with radius t sin (%1&%0)
is contained in S(%1 , 2T ). By the Cauchy’s integral formula and estimate
(a) for the sector S(%1 , 2T )
|lz pz(x, y)|
l!
(t sin (%1&%0))l
max
w # #
| pw(x, y)|
C3(%0 , T)l +1 l! t&n2& le&d
2(x, y)t:3(%0)
We now prove (b) for i=1, j=0. Let g(x, y) be the Green’s function of
&2 that is the solution of
(&2x) g( } , y)=$y( } )&V&1,
It is well known that |{ ixg(x, y)|Cd(x, y)
2&n&i, for i=0, 1, 2, except
when n=2, i= j=0, in which case | g(x, y)|C(1+|log d(x, y)| ) ([Au],
p. 108).
Now, assume that T=1 and fix x # M. Let 0. # C c (R), satisfying
.=1 in (&12, 12), and .=0 outside (&1, 1), and let
.t(!)=. \d(x, !)@ - t + ,
where @ is the injectivity radius of M, and 0<t1. Then |{.t |Ct&12
and |2.t |Ct&1. These follow from the expressions of the gradient and
the Laplacian of a radial function .=.(r) (see [Au]):
{.=(r.) r , 2.=2r .+r. _r log - | g|+(n&1)r &.
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Next, let gt(x, y)= g(x, y) .t( y). For F # C (M) we have, using Green’s
formula,
|
M
gt(!, w) 2wF dw=&.t(!) F(!)+
1
V |M .t F dw
+2 |
M
{wg(!, w) } {w.tF dw+|
M
g(!, w) 2w.t F dw.
Now note that {!(.tF )(x)={xF(x), and so by taking F(x)=lz pz(x, y),
we obtain
|{x 
l
t pz(x, y)||
d(x, w)@ - t
|{xg(x, w)| |.t | |l+1z pz(w, y)| dw
+2 |
(12) @ - td(x, w)@ - t
|{x{wg(x, w)|
_|{w.t | |lz pz(w, y)| dw
+|
(12) @ - td(x, w)@ - t
|{xg(x, w)|
_|2w.t | |lz pz(w, y)| dw=I+II+III.
Lemma 1. If _1, then
|
d(x, w)<@ - t
d(x, w)m&n e&d2(w, y)_t dwCtm2e&d2(x, y)4_t, \m>0,
|
(12) @ - t<d(x, w)<@ - t
d(x, w)m&n e&d2(w, y)_t dwCtm2e&d2(x, y)4_t, \m # R,
|
M
e&d2(x, y)_t dyCtn2_&n2.
Assuming this and using Proposition 1 and the time derivative estimates,
we can estimate I as
ICC l+13 l!t
&n2& l &1 |
d(x, w)@ - t
d(x, w)1&n e&d2(w, y):3t dw
CC l+13 l!t
&n2&12& le&d 2(x, y)4:3t
and in the same way we can estimate II and III.
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To estimate {x{y 
l
z pz we use the same representation formula, and after
differentiating we obtain integrals I, II, III with |l+1z pz |, |
l
z pz | replaced
by |{y
l+1
z pz |, |{y
l
z pz |, which have been already estimated. K
Proof of Lemma 1. If m>0 we have
|
d(x, w)<@ - t
d(x, w)m&n e&d 2(w, y)_t dw
=|
d( y, w)>(12) d(x, y)
d(x, w)<@ - t
} } } +|
d( y, w)<(12) d(x, y)
d(x, w)<@ - t
} } }
The first integrals is estimated by
e&d2(x, y)4_t |
d(x, w)<@ - t
d(x, w)m&n dwCe&d 2(x, y)4_t |
@ - t
0
rm&1 dr
Ctm2e&d2(x, y)4_t,
where we are using the fact that the volume density - | g(r, !)| is bounded
above (but also below) by Const } rn&1 (see [Au], Theorem 1.53).
If 12d(x, y)@ - t the second integral is zero, whereas if 12d(x, y)<@ - t
then it is bounded by
|
d(x, w)<@ - t
d(x, w)m&n dwCtm2Ctm2e1_@2e&d2(x, y)4_t.
The second bound is proved exactly in the same way, except that this
time we use that
|
(12) @ - t<d(x, w)<@ - t
d(x, w)m&n dwC |
@ - t
(12) @ - t
rm&1 drCtm2, \m # R.
The third estimate follows similarly. K
Remark 1. Using the same method one could prove estimates for
higher order mixed covariant derivatives. All one needs to do is use the
Green function of the power Laplacian (&2)m and a corresponding
Green’s representation formula to write lt pz in terms of its higher order
derivatives. From the proof above we expect that for z # S(%0 , T)
|{ix{
j
y 
l
z pz(x, y)|C(T, %0 , i, j)
l+1 l!t&n2&i2& j2&le&d 2(x, y):(%0) t.
In [M1] we derived such estimates up to orders i, j2.
Remark 2. We observe that the use of the LiYau parabolic Harnack
inequality is needed only for the second estimate in (a). Such estimate will
be used in the proof of Theorem 1.
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2. PROOF OF THEOREM 1
From Theorem 3 we know that there are constants C2=C2(%0 , T ),
:2=:2(%0) such that
| pz(x, y)|C2pt:2(x, y), \z # S(%0 , T ).
By induction on k and the semigroup property, we deduce that
|;kz(x, y)|C
k+1
2 &,&
k

tk
k!
pt:2(x, y) (6)
for all z # S(%0 , T) and all k0 (recall that t=|z| ). Thus, (a) follows from
the Gaussian bound of pt:2 , after further increasing the constants.
(b) Consider
Fv(z, x, y)=|
M
zpz(1&v)(x, w) ;k&1zv (w, y) ,(w) dw
for v # (0, 1) and z # S(%0 , T ). Assume inductively that ;k&1z (x, y) is
analytic in S(%0 , T ) and C  in x and y. Thus, so is Fv(z, x, y). From (6)
we deduce that |Fv(z, x, y)| is integrable in v # (0, 1) and this implies that
;kz =
1
0 Fv dv is analytic.
For smoothness in the space variables, it is enough to show that
{ jy{
i
xFv(z, x, y) is integrable in v # (0, 1) for all i+ j>0. For m integer, let
the gm be the Green’s function of the power Laplacian (&2)m. It is a
standard fact that if m is chosen large enough (depending on i, j) all the
derivatives of gm up to order i+ j are bounded in M_M, (see [M1] for
a proof of this) and we can write
{ jy{
i
xFv(z, x, y)=
|
M2
z { jy{
i
x gm(x, !)(&2!)
m pz(1&v)(!, w) ;k&1zv (w, y) ,(w) dw d!.
This is integrable at v=0, since by (5.1) the factor ;k&1zv (w, y) is controlled
by ptv:2(w, y), hence the quantity above has a finite limit as v  0. For
integrability at v=1 use that 2mw pz=
m
z pz=2
m
! pz and apply Green’s
formula to the integral above.
For z=tei%
;kz(x, y)=|
t
0
|
M
ei%p(t&v) ei% (x, w) ;k&1ve i% (w, y) ,(w) dw dv
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so that, by using z;kz =e
&i%t(;kte i%), the fundamental theorem of calculus
and p0(x, } )=$x( } ) we get
kz ;
k
z =;
k&1
z (x, y) ,(x)+|
1
0
|
M
z zp(1&v) z(x, w) ;k&1vz (w, y) ,(w) dw dv
=;k&1z (x, y) ,(x)+|
1
0
|
M
z 2xp(1&v) z(x, w) ;k&1vz (w, y) ,(w) dw dv.
Note that the last integral converges at v=0, by the same arguments
that we used for Fv(z, x, y) above. For convergence at v=1 using the
Green’s formula rewrite
|
M
z p(1&v) z(x, w) ;k&1vz (w, y) ,(w) dw
=|
M
p(1&v) z(x, w) 2w(;k&1vz (w, y) ,(w)) dw.
(c) The case i= j=0 follows exactly as in Theorem 3, (b), using
Cauchy’s integral formula and (a) above. The general case follows in the
same way as that of Theorem 3, using Green’s function restricted to small
geodesic balls. The only difference is that this time we use ;kz instead of pz
and the relation
2x;kz =z;
k
z &,(x) ;
k&1
z .
For example, the representation formula used in the proof of Theorem 3.1,
(c) yields
{x
l
t ;
k
z(x, y)=&|
M
{xg(x, w) .t(w) l+1z ;
k
z(w, y) dw
+|
M
{xg(x, w) .t(w) ,(w) lz ;
k&1
z (w, y) dw
+2|
M
{x[{wg(x, w) } {w.t(w)] lz ;
k
z(w, y) dw
+|
M
{xg(x, w) 2w.t(w) lz ;
k
z(w, y) dw.
Using the time derivative estimates and arguing exactly as in Theorem 3 we
derive (c).
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(d) The Ho lder condition follows using the same representation
formula as in (c) above, and the estimates
|{x g(x, w)&{x g(x$, w)|C($) d(x, x$)$ d(x, w)1&n&$
|{x{wg(x, w)&{x{wg(x$, w)|C($) d(x, x$)$ d(x, w)&n&$
for all x, x$, w in a small geodesic ball and d(x, x$)d(x, w)2. These
follows more or less immediately from the estimates on the derivatives
of g. K
3. PROOF OF THEOREM 2
For notational simplicity we shall consider only the real times case,
z=t # R. The proof in the complex case is similar.
The statement about the convergence of the series in (a) follows from
the estimates on the ;kt , since &kt ;kt &C(T )k+1 &,&k t&n2, when
0<tT.
Let st=0 
k
t ;
k
t . We need to show that st satisfies the properties
defining the heat kernel for etw&12, i.e.,
(i) (w&12x&t) st=0
(ii) s0( } , y)=$y( } ).
From Theorem 1, (b) we deduce
:

k=0
kt 2x ;
k
t = :

k=0
kt [t ;
k
t &,(x) ;
k&1
t ]=(1&,(x)) :

k=0
k+1t ;
k
t .
The first member coincides with 2xst , since the series converges uniformly.
This proves (i). To prove (ii) it is enough to show that
(iii) M st dAw=1,
(iv) M |st | dAwC, and
(v) for fixed $>0, st  0 uniformly on [(x, y) : d(x, y)$].
By uniform convergence
|
M
st dAw=:

0
kt |
M
;kt (x, y)(1&,(x)) dx.
331PERTURBATION OF HEAT KERNELS
File: 580J 294614 . By:CV . Date:28:10:96 . Time:08:56 LOP8M. V8.0. Page 01:01
Codes: 2397 Signs: 884 . Length: 45 pic 0 pts, 190 mm
But
kt |
M
;kt (x, y)(1&,(x)) dx
=kt |
t
0
|
M
|
M
pt&s(x, z) ;k&1s (z, y)(1&,(x)) ,(z) dz dx ds
=kt |
M
;kt (x, y) ,(x) dx&
k&1
t |
M
;k&1t (x, y) ,(x) dx,
so that the series telescopes and M st dAw=M pt dA=1, which is (iii).
The Gaussian bounds on ;k imply (iv) and (v).
(b) From the definition of trace and the previous proposition we get
Tr(etw&12)&Tr(et2)=|
M
pwt (x, x) w(x) dx&|
M
pt(x, x) dx
=|
M
[( pwt & pt)(x, x)& p
w
t (x, x) ,(x)] dx
=|
M _ :

k=1
kt ;
k
t (x, x)& :

k=0
kt ;
k
t (x, x) ,(x)& dx
= :

k=1_
k
t |
M
;kt (x, x)dx&
k&1
t |
M
;k&1t (x, x),(x)dx&.
(7)
Defining the simplex t2k=[s # Rk : 0sksk&1 } } } s1t] we have
Ik=|
M
;kt (x, x) dx
=|
M
dx |
t2k
|
Mk
pt&s1(x, z1) ps1&s2(z1 , z2) } } } psk(zk , x) ‘
k
i=1
,(zi) dz ds
=|
t2k
|
Mk
pt&(s1&sk)(zk , z1) ps1&s2(z1 , z2) } } } psk&1(zk&1 , zk) ‘
k
i=1
,(zi) dz dz,
by the semigroup property. The change of variables vj=s1&sk+1& j , with
j=1, ..., k&1, yields
Ik=|
t
0
ds1 |
s1
0
dvk&1 |
s1
vk&1
dvk&2 } } } |
s1
v2
dv1 |
Mk
pt&v1(zk , z1) pvk&1(z1 , z2) } } }
_pv1&v2(zk&1 , zk) ‘
k
i=1
,(zi) dz
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=|
t
0
dvk&1 |
t
vk&1
dvk&2 } } } |
t
v1
ds1 |Mk } } }
=|
t2k&1
|
Mk
(t&v1) pt&v1(zk , z1) pvk&1(z1 , z2) } } }
_pv1&v2(zk&1 , zk) ‘
k
i=1
,(zi) dz dv.
By relabelling the z’s in reverse order and by symmetry of pt
Ik=|
t2k&1
|
Mk
(t&v1) pt&v1(zk , z1) pv1&v2(z1 , z2) } } }
_pvk&1(zk&1, zk) ‘
k
i=1
,(zi) dz dv.
Now note that the change of variable vj  v$j given by vj&1&vj=
v$j&vj+1 j=1, ..., k&1, with v0=t, vk=0, preserves the simplex t2k&1 ,
and has the effect of switching the pairs vj&1&vj and vj&vj+1 in the last
integral. After appropriate switching and relabelling we get, for each
j=0, 1, ..., k&1
Ik=|
t2k&1
|
Mk
(vj&vj+1) pt&v1(zk , z1) } } } pvk&1(zk&1 , zk) ‘
k
i=1
,(zi) dz dv
and adding up these k equations we finally obtain Ik=(tk) Qkt [,].
Observe that Ik=Tr(Tkt ), according to definition (1).
Finally, Leibniz’s rule implies kt Ik=
k&1
t Q
k
t +tk
&1kt Q
k
t , and inserting
this in (7) yields the desired formula.
Estimates (c) and (d) follow immediately from (a), (b) and the bounds
on ;k. For estimate (e) note that for k2, z # S(%0 , T )
|Qkz[,]|
Ck+1 &,&k&2 |
t
0
|
M
|
M
sk&2
(k&2)!
p:(t&s)(x, y) p:s (x, y) ,(x) ,( y) dx dy ds
Ck+1
tk&1&n2
(k&1)!
&,&k&2 &,&
2
2
by a standard Ho lder’s inequality argument and the estimates on
the heat kernel. From Cauchy’s integral formula, |kzQ
k
z[,]|
Ck+1t&1&n2 &,&k&2 &,&
2
2 and (e) follows. K
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